Abstract. In this paper we study smooth orientation-preserving free actions of the cyclic group Z/m on a class of (n − 1)-connected 2n-manifolds, ♯g(S n × S n )♯Σ, where Σ is a homotopy 2n-sphere. When n = 2 we obtain a classification up to topological conjugation. When n = 3 we obtain a classification up to smooth conjugation. When n ≥ 4 we obtain a classification up to smooth conjugation when the prime factors of m are larger than a constant C(n).
Introduction to the main results
Highly-connected manifolds receive lasting attention from topologists. It was the attempt to understand the topology of (n − 1)-connected 2n-manifolds that led to the discovery of the exotic 7-spheres ( [22] ). Topological problems of these manifolds are good test cases of theories and techniques of algebraic and differential topology. Wall obtained a classification of (n − 1)-connected 2n-manifolds up to almost diffeomorphism ( [28] ). Later Kreck determined the mapping class groups of almost parallelizable (n − 1)-connected 2n-manifolds up to extension problems ( [18] ). Recent progresses include the study of the extension problems ( [19] , [3] , [16] ) and the homological stablity of BDiff(♯g(S n × S n ), D) ( [7] ). Other related results are for example the computation of the set of mapping degrees between (n − 1)-connected 2n-manifolds ( [6] , [5] ) and the existence of almost complex structures ( [30] ).
The study of the symmetries of highly-connected manifolds is also an active research field. There is a large volume of research articles discussing the existence of free actions of various finite groups on highly-connected manifolds, see [4] and the bibliography therein for more information. In this paper we focus on free actions of finite cyclic groups Z/m on ♯g(S n × S n )♯Σ, where Σ is a homotopy 2n-sphere. When n is odd, n ≡ 1 (mod 8) and not equal to 15, 31 and possibly 63, by the classification of (n − 1)-connected 2n-manifolds, and the solution of the Kervaire invariant 1 problem (Browder, Barratt, Jones, Mahowald, Hill-Hopkins-Ravenel), every (n − 1)-connected 2n-manifold is diffeomorphic to ♯g(S n × S n )♯Σ. Our goal is to obtain results on existence, classification and geometric description of these actions.
Convention. In this paper all actions are smooth, orientation-preserving and free.
We first discuss the existence of free Z/m-action on ♯g(S n × S n )♯Σ.
Theorem 1.1. If there is an orientation-preserving free Z/m-action on ♯g(S n × S n )♯Σ, then g + (−1) n is divisible by m. For ♯g(S n × S n ) this is also a sufficient condition for the existence of a free Z/m-action.
Next we consider the classification of free Z/m-actions on ♯g(S n × S n )♯Σ. When n = 2, a classification of free Z/m-actions on ♯g(S 2 × S 2 ) up to topological conjugations can be obtained from the topological classification of 4-manifolds with finite cyclic fundamental group due to Hambleton-Kreck [8] .
Theorem 1.2. Assume that g +1 is divisible by m. Then up to topological conjugation there is a unique orientation-preserving smooth free Z/m-action on ♯g(S 2 ×S 2 ).
For n = 3 we have a classification of free Z/m-actions on ♯g(S 3 × S 3 ) up to smooth conjugations. Let L 3 m = L 3 (m; 1, 1) be the standard 3-dimensional lens space with fundamental group Z/m. When m is even, there is a unique orientable 4-dimensional real vector bundle ξ over L 3 m with w 2 (ξ) = 0. Let S(ξ) be the sphere bundle of ξ, its universal cover is S 3 × S 3 , since any vector bundle over S 3 is trivial.
Theorem 1.3. Assume that g − 1 is divisible by m. When m is odd, up to smooth conjugation, there is a unique free Z/m-action on ♯g(
. When m is even, there are two conjugacy classes of free Z/m-actions on ♯g(S 3 × S 3 ), with quotient manifolds diffeomorphic to
These two manifolds are distinguished by w 2 .
For n ≥ 4, we have a classification of fee Z/m-actions on ♯g(S n × S n )♯Σ when the prime factors of m are relatively large. Before stating the result we set up the notations.
Let M be the quotient space of a free Z/m-action on ♯g(S n × S n )♯Σ, there is a canonical identification π 1 (M ) = Z/m. From the Leray-Serre spectral sequence of the fibration ♯g(
we see that p k (M ) is in the image of H n (K(Z/m, 1)). Therefore we may regard the Pontrjagin classes
For a finite abelian group A of order |A|, let exp(A) denote the set of prime factors of |A|.
Let Θ 2n be the group of homotopy spheres of dimension 2n. By the classical results of Kervaire-Milnor [14] , for n even, Θ 2n is isomorphic to Coker J 2n ; for n odd, Θ 2n is isomorphic to a subgroup of Coker J 2n of index at most 2. Therefore when the prime factors of m are all larger than C(n), m is invertible in Θ 2n .
Theorem 1.4. Assume that g + (−1)
n is divisible by m. If the prime factors of m are all larger than C(n), then taking the Pontrjagin classes (p 1 , · · · , p [n/4] ) of the quotient manifold gives rise to a one-to-one correspondence between the set of conjugacy classes of orientation-preserving free Z/m-actions on ♯g(S n × S n )♯Σ and
When n is odd, the quotient manifolds have the form
where S(ξ) is the sphere bundle of a certain (n+1)-dimensional vector bundle ξ over the standard lens space L n (m; 1, · · · , 1). When n is even, the quotient manifolds have the form
where N (ξ) is the result of a surgery on a fiber of S(ξ), with S(ξ) the sphere bundle of a certain n-dimensional vector bundle ξ over the standard lens space L n+1 (m; 1, · · · , 1). 
In contrast to the abundance of integral representations of Z/m ( [25] ), Theorem 1.3 and Theorem 1.4 imply that, when the prime factors of m are larger than C(n), the only modules which can be realized by free actions are
where I is the augmentation ideal.
In general, let L and L ′ be n-dimensional lens spaces with fundamental group Z/m. If L and L ′ have equal Pontrjagin classes (under certain identification of their fundamental groups), and the prime factors of m are larger than C(n), then L×S n is diffeomorphic to L ′ ×S n .
Remark 1.9. By a classical result of Mazur [20] , if L and L ′ are stably tangential homotopy equivalent n-manifolds,
For spherical space forms of odd order fundamental group, Pontrjagin classes determine the stable tangent bundle. Thus Corollary 1.8 is an improvement of the classical result under the condition of the prime factors of m. Remark 1.10. The same method of this paper can be used to study free Z/m-action on almost parallalizable (n−1)-connected 2n-manifolds with Kervaire-Arf invariant 1. These manifolds exist in dimension 30, 62 and possibly 126 and have the form K 2n ♯g(S n × S n ), where K is a smooth Kervaire manifold. Similar to Theorem 1.1, a necessary condition for the existence of a free Z/m-action is that g − 1 is divisible by m. It's shown in [4, Theorem 9 .1] that there is a free Z/m-action on some smooth Kervaire manifold K 0 . An arbitrary smooth Kervaire manifold has the form K = K 0 ♯Σ. When the prime factors of m are larger than exp(Coker J 2n ), by taking equivariant connected sum with 1 m Σ and copies of S n × S n one constructs a free Z/m-action on K♯g(S n × S n ). The method of this paper applies to the classification of these actions. When the prime factors of m are larger than C(n), the only remaining work is the analysis of the surgery obstruction, i. e. an algebraic result similar to Lemma 3.4.
In the remaining part of the introduction we describe the strategy of the classification of actions used in this paper. The classification of free group actions on simply-connected manifolds up to conjugation is equivalent to the classification up to diffeomorphism of the quotient manifolds with a fixed identification of the fundamental group with the given group. We will apply the modified surgery method to attack this classification problem. This usually consists of three steps (for more details see [17] ):
(1) Find a fiberation p : B → BO such that the manifolds under consideration have liftings ν of their normal Gauss map ν, and ν is a homotopy equivalence up to the middle dimension. Typically one uses the so-called normal q-type B q (M ), which is canonically associated to a manifold M , and indeed is the q-stage Moore-Postnikov tower of the normal Gauss map ν : M → BO. Structure of the paper. We will prove Theorem 1.1 and Theorem 1.2 in §2.
For the classification of actions, to illustrate the method, we first study the case of n = 3: in §3.1 we determine the normal 2-type and the normal bordism groups; in §3.3 we analyze the surgery obstruction and prove Theorem 1.3. The study of higher dimensional cases goes along the same line, but technically more complicated. This is the content of §4. A computation of the bordism group with the AtiyahHirzebruch spectral sequence is in the Appendix.
Proofs of Theorem 1.1 and Theorem 1.2
The proof of Theorem 1.1 only uses elementary algebraic topology.
Proof. Assume that there is an orientation-preserving free
When n is even, the signature of ♯g(S n × S n )♯Σ is 0, therefore the signature of M is also 0. This implies that dim Q H n (M ; Q) is even; when n is odd, the intersection form on H n (M ) is skew-symmetric, therefore dim Q H n (M ; Q) is even. Thus in both cases χ(M ) is even. This shows that g + (−1)
n is divisible by m. Now we construct free Z/m-actions on ♯g(S n × S n ) when g + (−1) n is divisible by m. For n odd, let L n m be an n-dimensional lens space with fundamental Z/m, then the universal cover of (L
The deck transformation is an orientation-preserving free Z/m-action.
For n even, let L 
, and do surgery. Surgery on one copy of
This gives an orientation-preserving free Z/m-action on ♯ m−1 (S n × S n ). Making equivariant connected sum with copies of S n × S n 's gives rise to a free Z/m-actions on ♯g(S n × S n ). Theorem 1.2 is a consequence of the topological classification of 4-manifolds with finite cyclic fundamental group.
Theorem 2.1. [8, Theorem C] Let M be a closed, oriented 4-manifold with finite cyclic fundamental group. Then M is classified up to homeomorphism by the fundamental group, the intersection form on H 2 (M ; Z)/Tors, the w 2 -type, and the Kirby-Siebenmann invariant. Moreover, any isometry of the intersection form can be realized by a homeomorphism.
Proof of Theorem 1.2. Let M be the quotient manifold of a free Z/m-action on
The signature of M is 0. Hence the intersection form on H 2 (M )/Tors is even and indefinite, thus is determined by its signature and rank, where rankH 2 (M ) = 2(g + 1)/m−2. The Kirby-Siebenmann invariant of M is clearly 0. Therefore by the above theorem all such quotient manifolds are homeomorphic, and a homeomorphism can be chosen to preserve the identification of the fundamental groups with Z/m. Hence there is a unique action up to topological conjugation.
3. The n = 3 case 3.1. The normal 2-type and normal bordism group. Let M 6 be the quotient of an orientation-preserving free Z/m-action on ♯ g (S 3 × S 3 ). Then π 1 (M ) = Z/m, π 2 (M ) = 0; When m is odd, M is spin; when m is even, M may be spin or non-spin.
When M is spin, let
where c is the trivial map, and p 0 is the canonical projection. Then (B, p) is the normal 2-type of M , and a normal 2-smoothingν : M → B is given by the classifying map M → K(Z/m, 1) of π 1 (M ) = Z/m and a spin structure of M . When M is non-spin (in this case m must be even), let γ be a complex line bundle over K(Z/m, 1) with
is the normal 2-type of M , a normal 2-smoothingν : M → B is given by the classifying map f : M → K(Z/m, 1) of π 1 and a spin structure on f * γ ⊕ νM . In the spin case the normal bordism group Ω n (B, p) is identified with the spin bordism group Ω spin n (K(Z/m, 1)); in the non-spin case the normal bordism group is identified with the twisted spin bordism group Ω spin n (K(Z/m, 1); γ). We may use the Atiyah-Hirzebruch spectral sequence to compute these groups, the details are in the Appendix. 
as the model manifold in Theorem 1.3, M be the quotient manifold of an orientationpreserving free Z/m-action on ♯g(S 3 × S 3 ). We are going to show that there is a diffeomorphism between M and M 0 , which preserves the given identification of π 1 with Z/m. Therefore the Z/m-action is conjugate to the standard Z/m-action on ♯g(S 3 × S 3 ). 
Proof. This is from [10, Proposition 2 (3)] (see also [17, Proposition 8 
(ii)]).
Here we may simply take the obvious The following lemma due to M. Kreck relates the tilde L-group to the ordinary L-group. It might have independent interest in the classification of 6-and 14-manifolds via modified surgery, e. g. the classification of certain 6-manifolds with surface fundamental groups in [9] .
Lemma 3.5 (Kreck). For any group π there is a surjection
Proof. The groups L s∼ * (π) and L s * (π) are L-groups of quadratic forms with form parameter Γ = {1, a +ā | a ∈ Zπ} and Λ = {a +ā | a ∈ Zπ} respectively. By [2, Theorem 11.2] there is an exact sequence Proof. Let ε : Λ → Z, g a g g → g a g be the augmentation, I = Ker(ε) be the augmentation ideal. Since A + (s) = Λ, there exist α ∈ A and k ∈ Z such that 1 = α+k ·s. For any x ∈ I, we have x = α·x+k ·s·x = α·x, since x·s = ε(x)·s = 0. Therefore I ⊂ A. Assume ε(A) = l · Z, l > 0. Since ε(s) = m and A + (s) = Λ, we have (l, m) = 1. From the commutative diagram 0
On the other hand, for any x ∈ A we have x = x−ε(x)+ε(x) ∈ I +l·Λ. Therefore A = l · Λ + I.
Since l and m are coprime, there are integers a and b with b > 0, such that
Notice that ε(u) = l, from the equations l = (l − u) + u ∈ I + u · Λ and u = (u − l) + l ∈ I + l · Λ we see that l · Λ + I = u · Λ + I. From uv · I = (1 − as) · I = I we see that I ⊂ u · Λ. Therefore we have
Proof of Lemma 3.4. We use the same idea as in the proof of [10, section 4] : by a sequences of isometries of the ambient space we move the image of S to a position where we can read off a Lagrangian complement. Let {e 1 , e 2 , f 1 , f 2 } be the standard symplectic basis of H 2 − (Λ). For convenience we will not distinguish elements in S and their image under the embedding.
We first consider the case when m is odd, which is simpler. First of all, since v 1 is a primitive vector and µ(v 1 ) = 0, after an isometry of H 2 − (Λ), we may assume that v 1 = e 1 , then we may assume
where the coefficient of f 1 is determined by the condition λ(v 1 , v 2 ) = s. Note that the a 2 · e 2 + s · f 1 + b 2 · f 2 is a primitive vector, therefore a 2 · Λ + b 2 · Λ + s · Λ = Λ. From Lemma 3.7 we see that a 2 · Λ + b 2 · Λ = u · Λ with u = 1 + g + g 2 + · · · + g l−1 , and uv + as = 1 for some v ∈ Λ, a ∈ Z. Let a 2 = u · α, b 2 = u · β. Now consider α · e 2 + β · f 2 , this is a primitive vector with µ(α · e 2 + β · f 2 ) = [αβ] ∈ Λ/ 1, x +x . From the equation 0 = λ(v 2 , v 2 ) = uū(αβ −ᾱβ) and the fact that u is not a zero-divisior, we see that αβ −ᾱβ = 0. This implies that [αβ] = 0 ∈ Λ/ 1, x +x , since m is odd. On the other hand, v · e 2 + s · f 2 is also a primitive vector with µ(v · e 2 + s · f 2 ) = [vs] = [ε(v)s] = 0 ∈ Λ/ 1, x +x , where ε is the augmentation. Therefore there is an isometry of span Λ (e 2 , f 2 ), sending α · e 2 + β · f 2 to v · e 2 + s · f 2 . Now we may assume
Let w 1 = −a · e 2 + f 1 , w 2 = −a · e 1 + f 2 . It's easy to see that the submodule U generated by w 1 and w 2 has λ| U×U = 0 and µ| U = 0, and the matrix 
. As before we may first assume that v 1 = e 1 and v 2 = a 1 · e 1 + a 2 · e 2 + s · f 1 + b 2 · f 2 . Now we need an additional transformation to control the coefficient of e 1 : since a 2 · e 2 + s · f 1 + b 2 · f 2 is a primitive vector, there exist r, k, t ∈ Λ such that ra 2 + ks + tb 2 = −a 1 . Apply the isometies R and T given by the matrices (indeed these are transvections by (e 1 , −rf 2 ) and (e 2 , tf 1 ) respectively) 
Now we proceed as before, assume
(since m is even), and the equation
(since l is odd) we see that c m ′ is odd, therefore
. Now there is an isometry of span Λ (e 2 , f 2 ), sending α · e 2 + β · f 2 to v · e 2 + s · f 2 . The rest is as before. 
Higher dimensional case
In this section we study free Z/m-action on ♯g(S n × S n )♯Σ for n ≥ 4 and prove Theorem 1.4. This section is organized as follows: first, for a given tuple
]. This M 0 serves as a model manifold, i. e., for any quotient manifold M which has the same Pontrjagin classes p i (M ) for i = 1, · · · , [n/4], we will show that M 0 and M are bordant in a common normal (n − 1)-type with the given identification of π 1 . Then we show that the surgery obstruction is elementary. Therefore there is a diffeomorphism between M 0 and M inducing the given identification of π 1 , hence the two actions are conjugate. To keep the notations simple we will only deal with the case of ♯g(S n × S n ). The proof for the general situation is similar. Recall that we assume the prime factors of m are larger than C(n). Denote k = [n/4].
Model manifolds.
In this subsection we construct model manifolds M 0 with fundamental group Z/m, universal cover ♯g(S n × S n ) and given Pontrjagin classes
) be the map given by the universal Pontrjagin class p 1 , · · · p k , then the image of the induced map π 4i (BO) = Z → π 4i (K(Z, 4i)) = Z has index a i · (2i − 1)!, where a i = 1 when i is even and a i = 2 when i is odd ( [12] ). Denote the homotopy fiber by F .
) be the classifying map of a, consider the following lifting problem
The obstructions to a lifting h a lie in H i (L n m ; π i−1 (F )). When the prime factors of m are larger than C(n), all the obstruction groups vanish except for the case n ≡ 3 (mod 8), where the only non-trivial obstruction group is H n (L 
is an isomorphism for i ≤ n − 1, and the total Pontrjagin class of S(ξ) is 
be the classifying map of a, and consider the lifting problem
There is an exact sequence
For n = 4k we have π n−1 BO(n − 1) = 0 when n = 4, 8, and π n−1 BO(n − 1) = Z/2 when n = 4, 8. The stabilization map π n BO(n − 1) → π n BO is surjective when n = 4, 8, and has an image of index 2 when n = 4, 8 (c. f. [13] ). Therefore the obstruction group H n (L n+1 m ; π n−1 F ) = 0 and we have a lifting h a on the n-skeleton L (n) . Denote the corresponding vector bundle by ξ ′ and let ξ = ξ ′ ⊕ ε 1 , then e(ξ) = 0. Let f : S n → L (n) be attaching map of the top cell, then f * ξ is trivial, since a 4k-dimensional vector bundle over S 4k is trivial if and only if both p k and e are 0. Hence ξ extends to a vector bundle over L n+1 m such that p i (ξ) = a i for
is an isomorphism and e(ξ|L (n) ) = 0 by construction, we see that e(ξ) = 0.
Let
be the covering map, consider the vector bundle g * ξ. We may change the vector bundle ξ on the top cell by α ∈ π n+1 BO(n), this will not change the Pontrjagin classes and the Euler class, since the restriction of the bundle to L (n−1) is not changed. The corresponding change for g * ξ is m · α. Since m is invertible in the 2-group π n+1 BO(n) (c. f. [13] ), we see that for a certain choice of ξ the pull-back bundle g * ξ is trivial.
be the sphere bundle. Since g * ξ is trivial, the universal cover of S(ξ) is S n−1 × S n+1 . From the Leray-Serre spectral sequence of the fiber bundle
(For the case n = 4k we need the fact that e(ξ) = 0.) Then as in the n odd case we may realize any given
be the tubular neighborhood of a fiber S n−1 . Do surgery as in the proof of Theorem 1.1, the result manifold N has fundamental Z/m. The universal cover of N is the result of equivariant surgeries on
. Let W be the trace of the surgery, then there are homotopy equivalences
and isomorphisms
The Pontrjagin classes of W restrict to the Pontrjagin classes of S(ξ) and N respectively. Therefore p i (N ) = p i (S(ξ)) = p i under the identification of the cohomology groups with Z/m.
4.2.
The normal (n−1)-type. In this subsection we determine the normal (n−1)-type of the quotient manifold M of a free Z/m-action. Identify H 4i (M ) with
since all the obstruction groups are 0. Denote the corresponding vector bundle over K(Z/m, 1) also by γ.
Let p 0 : BO n + 1 → BO be the n-connected cover of BO, f : M → K(Z/m, 1) be the classifying map of π 1 (M ) = Z/m. By the construction of γ we have p i (f * γ ⊕ νM ) = 0 for i = 1, · · · , k. Proof. Let ϕ : BSO → X n be the n-stage of the Postnikov tower of BSO, then there is a fibration BO n + 1 → BSO ϕ → X n . and π n (N ) ∼ = I 2 , where I ⊂ Λ is the augmentation ideal. The quadratic form (π n (N ), λ, µ) is as follows: let x, y be generators of π n (N ), where x is represented by the complementary sphere of the surgery, then we have µ(x) = 0, µ(y) = ζ ∈ Λ/ a −ā for some ζ λ(x, x) = 0, λ(x, y) = 1 − g, λ(y, y) = ζ +ζ (4.1)
Lemma 4.4. ε(λ(y, y)) = 0
Proof. The augmented ideal I is generated by 1−g. For any Λ-mod homomorphism ψ : I → Λ, assume ψ(1 − g) = a. Then ε(ψ(s · (1 − g))) = s · ε(a) = 0, since s · (1 − g) = 0. Therefore ε(a) = 0. Apply this to ψ(−) = λ(−, y).
Let Λ 2 → π n (N ) be the canonical projection, with basis v 1 → x, v 2 → y. Then the induced quadratic form (λ, µ) on Λ 2 has the form of (4.1). Now consider an isometric embedding (Λ 2 , λ, µ) = S ֒→ H + (Λ) 2 as a half rank direct summand. In view of Lemma 3.3 we need to show that S has a Lagrangian complement. Since µ(v 1 ) = 0, after an ambient isometry, we may assume that is an isomorphism for p = 6, 7. Therefore the non-trivial E 2 -terms in the line p + q = 6, E 
